Abstract-In this paper, Cramer-Rao lower bounds (CRLBs) for estimation of vital signal parameters, such as respiration and heart-beat rates, using ultra-wideband (UWB) pulses are derived. In addition, a simple closed-form CRLB expression is obtained for sinusoidal displacement functions under certain conditions. Moreover, a two-step suboptimal solution is proposed, which is based on time-delay estimation via matched filtering followed by least-squares (LS) estimation. It is shown that the proposed solution is asymptotically optimal in the limit of certain system parameters. Simulation studies are performed to evaluate the lower bounds and performance of the proposed solution for realistic system parameters.
I. INTRODUCTION After the US Federal Communications Commission (FCC)
approved the limited use of ultra-wideband (UWB) technology in February 2002 [1] , communications and imaging systems that employ UWB signals have drawn considerable attention. A UWB signal is defined to be one that possesses an absolute bandwidth larger than 500 MHz or a fractional (relative) bandwidth larger than 20%. The large bandwidth of UWB signals not only facilitates high-speed data transmission, but also results in high time resolution, which is valuable for precise ranging and location estimation [2] , [3] .
Commonly, impulse radio (IR) systems, which transmit very short duration pulses with a low duty cycle, are employed to implement UWB systems [4] - [7] . In an IR communications system, a train of pulses is sent and information is usually conveyed by the positions or the amplitudes of the pulses, which correspond to pulse position modulation (PPM) and pulse amplitude modulation (PAM), respectively. In multiuser environments, in order to prevent catastrophic collisions among pulses of different users and thus provide robustness against multiple access interference, each information symbol can be represented by a sequence of pulses and the positions of the pulses within that sequence are determined by a pseudorandom time-hopping (TH) sequence specific to each user [4] .
In addition to communications applications, IR-UWB systems have also been considered for medical applications [8] - [10] . Specifically, high spatial resolution of UWB signals facilitates detection of objects and estimation of vital signal 0 Sinan Gezici is with the Department of Electrical and Electronics Engineering, Bilkent University, Bilkent, Ankara TR-06800, Turkey parameters, such as respiration and heart-beat rates of humans, in an environment. Estimation of vital signal parameters can be very important in many scenarios, such as searching people under debris after an earthquake, through-the-wall health monitoring of hostages, and non-invasive patient monitoring [8] .
Compared to the Doppler based techniques for estimation of vital signal parameters [11] , [12] , IR-UWB signalling has advantages such as good penetration capability, which facilitates through-the-wall applications, and low transmission power. In [9] , possible medical applications of UWB radars are studied, and their penetration and reflection properties are investigated. In [10] , respiratory detection of hidden humans using UWB signals is implemented. A mathematical framework for estimation of vital signal parameters is established in [8] , which models IR-UWB signals and related motions filters for estimation of respiration and heart-beat rates.
Although estimation of vital signal parameters using UWB signals have been studied [8] - [10] , no studies have considered the theoretical limits and optimal solutions for this parameter estimation problem. In this paper, we derive Cramer-Rao lower bounds (CRLBs) for estimation of vital signal parameters, and propose an asymptotically optimal estimator, which is composed of time-delay and least-squares (LS) estimators. We numerically evaluate CRLBs for practical systems, and compare the performance of the proposed algorithm with CRLBs.
The remainder of the paper is organized as follows. In Section II, the signal model used for parameter estimation is presented. In Section III, the maximum likelihood (ML) solution is obtained and CRLBs are derived for generic and sinusoidal displacement functions. In Section IV, a two-step estimator based on matched-filtering and LS estimation is proposed and its optimality properties are investigated. Then, numerical examples and simulation results are presented in Section V, and concluding remarks are made in Section VI.
II. SIGNAL MODEL
Consider a sequence of pulse bursts as shown in Figure 1 and defined as follows:
where N is the number of bursts, T b is the burst period, and w(t) is a burst of pulses, which consists of M pulses and is expressed as
with p(t) denoting the transmitted pulse and T p being the interval between consecutive pulses. We assume that T p > T w where T w denotes the width of p(t).
The burst of pulses in (1) is aimed at an object being monitored and reflections are collected by a receiver. Typically, in pulse-based passive radar applications, pulses in each burst are employed to obtain a reliable channel profile, and comparison of channel profiles obtained from consecutive bursts is used to estimate certain parameters of the target in the environment.
In this paper, we consider a received signal over an additive white Gaussian noise (AWGN) channel with a single path component:
where n(t) denotes zero-mean white Gaussian noise with unit spectral density, and
with h k (θ) representing the periodic displacement function induced, for example, by respiration or heart-beat of the person being monitored [8] , and θ = [θ 1 · · · θ K ] denoting the unknown signal parameters. We assume that the range of the displacement function and the pulse p(t)
, so that there is no overlap between consecutive pulse bursts, which is usually the case in practical situations.
Although the signal model in (3) is not very realistic for wideband pulse-based systems, it is an important first step towards understanding of a real system since the main ideas in the analysis can be extended to multipath scenarios. Also, this model gets more accurate when directional antennas are used for transmission and reception, and/or an efficient clutter removal algorithm [13] is applied before parameter estimation. Finally, the theoretical limits on the accuracy of parameter estimation obtained using the single path model in (3) provides a lower bound for the multipath case as well, since more nuisance parameters exist for the latter.
III. MAXIMUM LIKELIHOOD SOLUTION AND CRLB CALCULATIONS
When the signal r(t) in (3) is observed over a time interval [0, T ], with T = NT b , the log-likelihood function of θ can be expressed as
where c denotes a constant independent of θ.
Considering real signals, the ML solution can be obtained from (5) asθ
which requires exhaustive search over the parameter space for θ.
From (5), the components of the Fisher information matrix (FIM) I θ can be obtained as follows [14] :
for i = 1, . . . , K, and
for i = j.
From (4), (7)- (8) can be expressed, after some manipulation, as
whereẼ is the energy of the first derivative of the pulse burst w(t); i.e.,
Then, the CRLB for the covariance of an unbiased estimate of θ can be expressed as [14] 
where B ≥ C means that B − C is positive semi-definite.
Let θ 1 = f denote the rate (frequency) parameter to be estimated (e.g., respiration rate). Then, the CRLB for estimating f can be stated as
where [B] ij denotes the element of matrix B in the ith row and jth column.
A. Sinusoidal Displacement Function
For the remainder of this section, we model the displacement function h k (θ) to have three unknown parameters; frequency f , phase φ and time shift A corresponding to maximum displacement from nominal position. In other words, θ = [f φ A]. The main parameter of interest is the frequency of the displacement function, which corresponds, for example, to respiration or heart-beat rate of a human. The phase parameter is another unknown since the initial position of the object (e.g., chest cavity) is not known by the receiver. Also, the time shift for the maximum displacement amount from the nominal object position, A, is commonly unknown. Since the frequency is the main parameter of interest, the phase and the maximum displacement parameters, φ and A, are treated as nuisance parameters.
For the special case of a displacement function modelled by a sinusoidal function [8] , h k (θ) is given by
From (14), (9) and (10), the CRLB in (12) can be obtained as
where
with ψ k = 4πf kT b + 2φ.
Although the exact CRLB can be obtained from (15) and (16), a simpler and more intuitive expression can be obtained for the case of a large number of received pulse bursts N . The following result can be used to obtain an approximate CRLB expression for large N . A two-step suboptimal solution for estimation of vital signal parameters.
the CRLB for f multiplied by N 2 is expressed as
Proof: See Appendix A. Note that, in practice, 1/T b is selected to be larger than twice the maximum possible frequency of the displacement function. For example, in [8] , for respiration rate estimation, T b is chosen to be 0.1 second, which corresponds to 1/T b being about 10 times the common value for f . Therefore, the assumption of T b < 1 4f is valid in most practical situations. For large N , the CRLB for f can be approximated, from (17) , as
From (18), it is observed that as the maximum time displacement amount A or the number of bursts N increases, the minimum achievable variance decreases with the square of these terms. In addition,Ẽ/σ 2 n is inversely proportional to the CRLB. It is also important to note from (18) that the approximate expression for the minimum achievable accuracy is independent of the true frequency and phase values. In other words, for any frequency satisfying f < 1/(4T b ) and any phase, the achievable accuracy is the same for given A, T (T = NT b ) andẼ/σ 2 n values.
IV. SUBOPTIMAL SOLUTION
Now that we have obtained the best achievable accuracy for frequency estimation, we next consider the problem of obtaining a practical solution that (asymptotically) achieves this best accuracy. Note that the ML solution in (6) is an optimal solution; however, it requires correlation of the received signal over the observation interval [0, T ] with the template signal g θ (t) for various values of the parameter θ, which has prohibitive complexity for practical implementations.
Instead of the ML solution in (6), we propose the solution described in Figure 2 . Namely, from M pulses in each burst, we estimate the delay of the signal in the burst. Let τ k denote the delay of the kth burst. Note that τ k can be estimated by the conventional TOA estimation algorithm based on matched filter or correlator outputs [15] , [16] . Letτ = [τ 0τ1 · · ·τ N −1 ] denote the delay estimates obtained from matched filter processing. Then, these delay estimates are used by an LS estimator as shown in Figure 2 This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the ICC 2007 proceedings.
to estimate the unknown parameters:
Note that this two-step algorithm is considerably simpler and more practical than the ML solution in (6) since it does not have to perform correlations over the whole observation interval for all different values of θ. Instead, it first performs a search over a single dimension, namely time delay, using the matched filter outputs for each given burst. Then, it uses these time delay estimates from different bursts for the LS estimation of the desired parameter(s).
The proposed two-step algorithm is a suboptimal solution in general. However, we now prove that this two-step solution is asymptotically optimal in that it has the same CRLB as in that in Section III, under certain conditions. Towards this end, we first consider the following result:
Lemma 1 [17] : Consider the signal model
where n(t) is zero mean white Gaussian noise with unit spectral density, and τ k is the time-delay to be estimated. If τ k is estimated at a matched-filter output with large SNR.β 2 , where
it can be modelled asτ
where n k is a Gaussian random variable N (0 , σ 2 0 ) with
In other words, Lemma 1 states that for signals with large SNR and/or effective bandwidth β, the error of the conventional time-delay estimation can be modelled by a zero mean Gaussian random variable.
According to the two-step solution illustrated in Figure 2 , the received signal r(t) in (3) is first used to estimate timedelays τ k , k = 0, 1, . . . , N − 1. More specifically, r(t) for t ∈ [(k−1)T b , kT b ] is used for estimating τ k using a conventional matched-filter approach. For large SNR.β 2 , these time-delay estimates are modelled, according to Lemma 1, aŝ
). Then, the following proposition states the optimality property of the twostep algorithm in Figure 2 .
Proposition 2: For a given set of time-delay measurementŝ τ = [τ 0τ1 · · ·τ N −1 ] modelled by (22), the CRLB for the covariance matrix of an unbiased estimate of θ is the same as the expression in (12) , where the FIM is given by (9) - (11) .
Proof: See Appendix B.
Note that the LS estimator in (19) can be shown to be the ML estimator for θ according to the signal model in (22). Since the ML estimator asymptotically achieves the CRLB [14] , which is equal to the CRLB in Section III according to Proposition 2, the LS solution in (19) provides an asymptotically optimal solution for estimating θ under the conditions stated in Lemma 1.
V. SIMULATION RESULTS
In this section, numerical studies and simulations are performed to evaluate the exact and approximate CRLB expressions derived in Section III, and to investigate the performance of the suboptimal solution proposed in Section IV.
Consider a system that uses the following Gaussian monocycle [18] 
where E p is used to adjust the energy of the pulse in the simulations, and ζ determines the pulse width (T w ≈ 2.5ζ). An example pulse with T w = 1 ns is shown in Figure 3 . In Figure 4 , the exact and approximate CRLB expressions in (15) and (18), respectively, are compared for various SNRs and pulse widths 1 . The system parameters are T b = 0.1 s., f = 1.1 Hz, A = 0.1 ns., φ = 0, and N = 50. Although the frequency and phase are set to certain values, the results are practically the same for any frequency satisfying f < 2.5 Hz and any phase. From Figure 4 , it is observed that the exact and approximate CRLBs match very closely for all SNR and T w values. In addition, the accuracy increases as the pulse width is decreased. This is intuitive since higher time resolution results in better localization of the object (e.g., chest cavity). This can be also observed from (18) , since shorter pulses have larger E as can be deduced from (11) .
In Figure 5 , all the parameters are the same as in the previous case, except that 700 pulse bursts are employed as in the experiment in [8] . In this case, the minimum standard deviations are scaled by 14 compared to Figure 4 , as can be confirmed by (18) .
In Figure 6 , the same parameters as for Figure 5 are used, and the lower bounds are plotted versus pulse width for various SNRs. It is observed again that as the pulse width decreases, the accuracy of the estimation increases. Moreover, the slope decreases as the SNR increases, which means that for high SNRs, the loss in accuracy when using wider pulses (pulses with smaller bandwidths) is smaller than the loss for low SNRs.
Finally, Figure 7 compares the performance of the suboptimal LS solution in Section IV with the exact and approximate lower bounds for N = 50, T w = 1 ns., T b = 0.1 s., and A = 0.1 ns. For the LS solution, averages over 10, 000 realizations are averaged to calculate root-mean-square errors (RMSEs) for each SNR. For each realization, random noise, f and φ values are generated. Considering a respiration rate estimation scenario, f is generated randomly from [0.5, 1.5]. From Figure  7 , it is observed that for large SNR, the performance of the LS solution converges to the lower bound, as expected.
VI. CONCLUSIONS
Theoretical limits for estimation of vital signal parameters using pulse-based UWB systems have been studied. A generic expression for the CRLB has been obtained for the rate estimation of a periodically moving object. Then, a closedform expression has been derived for the special case of a This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the ICC 2007 proceedings. sinusoidal displacement function. Also, a simple and more intuitive approximate bound has been calculated for a large number of pulse bursts in the system. These results not only provide the best achievable limits for rate estimation, but also present guidelines for system design. Finally, in order to have an estimator with good performance and considerably lower complexity than the optimal ML solution, a two-step suboptimal solution has been proposed, which performs matched-filter based time-delay estimations followed by LS estimation.
APPENDIX

A. Proof of Proposition 1
Consider the following relation [19] :
with x = 2φ and y = 4πf T b . From (24) and its derivatives with respect to x and/or y, closed-form expressions for X 11 , X 22 , X 33 , X 12 X 13 and X 23 in (16) In the derivations, sin(y/2) is assumed to be non-zero. Hence, we considered the case in which 4πf T b /2 < π/2; i.e., T b < 1/(4f ), as stated in the proposition.
B. Proof of Proposition 2
From the model in eqn. (22) for the time-delay estimates, the distribution ofτ for a given θ can be expressed as
The elements of the FIMĨ θ can be obtained from
for i = j. From (25), (26) and (27) can be calculated, after some manipulation, as
